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A set of experiments is described to measure the decay of electromagnetic evanescent waves and
the tunneling effect through an airgap. The experiments are performed using microwaves and
have been designed to be carried out by third year students of physics. The proposed
experimental setup can be regarded as a quantum mechanical simulator for the one-dimensional

motion of a particle.

1. INTRODUCTION

The total internal-reflection of electromagnetic waves is
a phenomenon that always causes a particular interest
among students. This phenomenon leads to the concepts of
evanescent wave and tunneling effect which are used in
modern physics in different fields and applications, such as
integrated optics,! metrology,? quantum mechanics,’ su-
perconductivity, scanning tunneling microscope,’ etc.

We present here a set of microwave experiments that
have been designed for third year physics students. The
aim of these experiments is to measure the decay of elec-
tromagnetic evanescent waves and the transmission
through an airgap based on electromagnetic tunneling ef-
fect. The use of microwaves, instead of, for example, light,®
simplifies the mechanical requirements for stability and po-
sition measurements. Furthermore, the microwave compo-
nents required for our experiments are readily available
from standard manufacturers of equipment for educational
physics laboratories. Our experimental arrangements and
procedures have several advantages over other previous
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microwave experiments,’ such as the direct measurement
of the exponential decay of the evanescent waves, the use of
dielectric pellets to make a prism of variable angle, and the
use of modern microwave devices.

We should mention that one advantage of using visible
light to investigate the electromagnetic tunneling is that it
permits the detection of individual photons.® The individ-
ual photon tunneling cannot be demonstrated using micro-
waves. However, the instruments required for such an op-
tical experiment are not wusually available in an
undergraduate physics laboratory.

We have found it interesting to include a discussion of
the equivalence of these electromagnetic phenomena and
the quantum mechanical description of one-dimensional
motion. We show the possibility of regarding our experi-
mental arrangement as a quantum mechanical simulator.
Eventually, our experimental setup could be used to test
the numerical calculations described by Leming and Van
Smith® to study the quantum barrier penetration in one
dimension.
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Fig. 1. (a) Reflection and refraction at a plane boundary. (b) Tunneling
through a dielectric layer of thickness d.

II. THEORY
A. Total reflection: Generation of evanescent waves

The incidence of a plane wave onto a plane boundary
between two dielectric media of refractive index n; and n,
[Fig. 1(a)] is described by the expressions:

0i= 0,

n;sin 8;=n, sin 6,.

()

The phenomenon of total reflection occurs when n;>n,
and the angle of incidence 0; is greater than a critical angle
0, defined by

sin 8,=n,/n;. (2)

When total reflection takes place, the angle of refraction
0, has a complex value which gives rise to a transmitted
plane wave!® with a particular dependence on x:

E=E; exp(jkx) =Ej exp(—hx), 3)
where k, is the x component of the wave-number vector
and 4 is defined by k,=jh (j= \/—1):

k,=(2m/A)n,cos 0,

P 2 sin 6;\2 :
=—nll—=1 —
A "'\sin 6,
Equation (3) defines an evanescent wave with a spatial
decay coefficient 2. Such a wave gives no net power flow in
the x direction and, therefore, total reflection takes place.

The decay coefficient 4 of an evanescent wave and its de-
pendence on 6; will be investigated in our first experiment.

(4)

172

B. Electromagnetic tunneling effect

We shall assume through the rest of the paper that the
incident wave is TE polarized. However, similar expres-
sions can be derived for TM incidence.’
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Figure 1(b) gives a diagram of a system where two di-
electric media are separated by a second medium of finite
thickness d. If we assume that n,=n;>n, and that the
angle of incidence 8, is greater than the critical angle for
total reflection, then we might expect no power transmitted
through medium 2 into medium 3. However, the exponen-
tial tail of an evanescent wave is able to couple some power
between two media provided their separation is finite. In-
deed, if we work out the fields in medium 3 we find that the
relative power transmission'® 7 from medium 1 to medium
3 is given by

1
T=
R —R) 2k lsnad P )
where
k1=(2‘lT/A,)n1 Ccos 01, (6)

ky=(2m/A)ny cos O,,

in our case 6, will be complex, since we are assuming
8,> 0., and therefore cannot be plotted in Fig. 1(b).

The transmission T can be rewritten, taking 6,=6,> 8,

ny=n, n,=1, and k,=jh, as
1
T 1+ [Qsinh(hd)]?’

K+ h? n?—1
= 2kih ~ 2ncos 0,(n’sin® 6,—1)12"

The fact that the power coupling is determined by an
evanescent wave leads to a critical dependence on 4 and d.
Such a coupling is referred to as a frustrated total reflection
or a tunneling effect. Our second experiment will consist of

measuring the tunneling through an airgap as a function of
its thickness d.

T

)

C. Quantum mechanical analogy

Let us compare the one-dimensional Schrodinger equa-
tion

av(x) p?
aE SR ¥(x), (8)

with the one-dimensional wave equation for monochro-
matic electromagnetic radiation

d’§(x) )
7;2—-=—kx§(x), 9

where W(x) is the wave function of a particle of linear
momentum p, mass m, total energy E, and potential energy
V(x), and £(x) is any component of the electric or mag-
netic fields and k, is the x component of the wave-number
vector. Thus, the one-dimensional quantum mechanical
motion and the propagation of a monochromatic electro-
magnetic wave satisfy identical equations, provided we es-
tablish the equivalence

kyp/#,
2 2 2 (10)
R (717 n cos 9) 4—»(%) —2m[E—V(x) /P

Such an equivalence provides the basis for regarding the
electromagnetic system as a quantum mechanical simula-
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fixed wall dielectric pellets

detector probe

comparison gauge

Fig. 2. Diagram of the experimental arrangement to generate microwave
evanescent waves.

tor.>®® In fact, the wave function W(x) for a particle inci-
dent upon an infinitely wide barrier of potential ¥V, greater
than its total energy E, exhibits an exponential tail pene-
trating the barrier

¥ (x) <exp (—{(2m/#) [V(x) —E]}? x) an

and the transmission through a potential barrier V| of
thickness d is

1
T= . .
1+{[(p}—p3)/2p\p,]sin(pd/ %)}

Both, Egs. (11) and (12), are identical to Egs. (3) and
(5) once the equivalence (10) is taken into account.

(12)

III. EXPERIMENTAL ARRANGEMENTS

A. Characteristics of evanescent waves

Figure 2 is a diagram of our experimental setup to gen-
erate evanescent waves and to measure their characteris-
tics. The core of the system is a prism of variable angle,
filled with metacrylate pellets. The lateral walls of the
prism are metacrylate slabs of 1 cm thickness, one wall is
fixed while the other two at right angles define a movable
square. This square is held firmly against the fixed wall by
four ball bearings mounted on springs. The angle can be
adjusted within the interval [25°, 63°]. Alternatively, a set
of prisms with fixed angles could be used, which would
allow for the use of wax and other dielectric materials.'!

The microwave generator, the detector probe, and the
receiver with a built-in amplifier are all standard PASCO
Scientific components for educational laboratories. The
generator is a Gunn diode mounted in a 10.5 GHz reso-
nant cavity (1=2.9 cm) and a horn antenna, which pro-
vides 15 mW of linearly polarized radiation. The receiver
includes a horn antenna, a diode mounted in a 10.5 GHz
resonant cavity, an amplifier, a meter, and an output for an
external meter. This receiver includes, as well, an input to
fit a detector probe which consists of a diode with no horn
nor resonant cavity. The detector probe was mounted on a
bench, and a comparison mechanical dial gauge with 0.01
mm reading was used to measure the position of the probe
along the x axis.

The experimental procedure for measuring the exponen-
tial decay of the evanescent waves consists of adjusting the
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Fig. 3. Diagram of the experimental arrangement to measure the tunnel-
ing effect through an airgap.

angle 68 (measured with a Bevel-protractor), placing the
detector probe at x=0, adjusting the position of the gen-
erator horn against the prism wall to give the maximum
signal at the detector and then measuring the detected sig-
nal as a function of x. The receiver horn and its built-in
diode are not used in this experiment, since we use the
external detector probe; therefore, some attention has to be
paid to direct the receiver horn away from the microwave
beam to prevent incorrect measurements. Alternatively, a
standard dc-coupled amplifier could be used instead of the
amplifier of the receiver. To improve the sensitivity of our
system we used an external voltmeter connected to the
amplifier output instead of the built-in meter.

The validity of the proposed experimental procedure de-
pends on the correctness of the assumption that the per-
turbation of the evanescent wave by the detector probe is
negligible. In fact, the detector probe has been designed by
the manufacturer to measure the standing wave pattern in
interferometric experiments, where again a non-negligible
perturbation would destroy the pattern. This kind of de-
tector probe cannot be imagined at optical wavelengths.

B. Tunneling effect

Figure 3 gives a diagram of the experimental setup used
to measure the electromagnetic tunneling effect through an
airgap of thickness d. Now, a platform has been mounted
on the bench instead of the detector probe. This platform is
used to support the microwave detector and a metacrylate
prism of fixed walls (angles: 60°, 90°, and 30°) filled with
metacrylate pellets. The angle of the variable prism has to
be adjusted to 60° to match the other prism. The thickness
of the airgap is measured with the comparison gauge as in
the previous arrangement.

The experiment consists of measuring the transmission
through the airgap as a function of its thickness d. Obvi-
ously, the maximum transmission will be obtained for d=0
when the beam goes directly from the generator to the
receiver, this signal can be used to normalize the transmis-
sion.
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dielectric pellets receiver

generator

Fig. 4. Diagram of the experimental arrangement to measure the refrac-
tive index of the metacrylate pellets.

IV. EXPERIMENTAL RESULTS AND DISCUSSION

Before the experiments described in Secs. III A and B,
three simple experiments were carried out to measure the
refractive index of the metacrylate pellets at 10.5 GHz (i),
and to test the linearity of the detector probe (ii) and the
receiver (iii). The experiment (i) consisted of measuring
the angle of refraction for an angle of incidence 6,=30",
using the prism of fixed walls used in Sec. III B. Figure 4 is
a diagram of the experimental arrangement, where the re-
ceiver is mounted on a movable arm of a goniometer and
the angle B is adjusted to give the maximum signal on the
receiver built-in meter. The result was a refraction angle
0,=39"+1°, which gives n=1.26=0.03. This result deter-
mines the critical angle for total. reflection, Eq. (2) 6,
=52.5+1.8"

The other two experiments, (ii) and (iii), consisted of
measuring the signal detected by the detector probe and
the receiver as a function of the intensity of the incident
wave. Since both are polarization sensitive, the method
used to control the incident intensity was to rotate the
emitter, scanning the interval [0°, 90°]. If a is the angle of
rotation of the emitter, then the detector signal .S will be
determined by the component of the electric field E, cos a.
Plotting log(S') versus log(cos a) we can check the linear-
ity of our detectors.'> The signal of the detector probe
exhibited a slope m,=1.74, while the receiver exhibited a
slope m,=1.51. These results show that neither the detec-
tor probe nor the receiver measure the power or the electric
field of the incident microwave, but an intermediate value.
If we plan to carry out a quantitative checking of the the-
oretical equations derived in Sec. II, then it will be neces-
sary to take into account these experimental calibrations.

Once the preliminary experiments have been performed,
a first experiment was carried out, with the experimental
arrangement of Sec. III A, measuring the detected signal .S
as a function of x for different angles 6, within the interval
[55°, 63°). Figure 5 shows the exponential decay for two
different angles of incidence.

The results are satisfactory since they show the expected
exponential dependence on x, Eq. (3). The slope of these
plots can be used to calculate the decay coefficient 4. Such
a calculation requires taking into account the calibration of
the detector probe

In(S/Sp) =m, In(E/Ey) = —mhx,

where S, and E, are the values of S and E at x=0.

(13)
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Fig. 5. Exponential decay of evanescent waves: detector probe signal §
versus penetration depth x.

We have worked out the 4 values for different angles of
incidence 6, Figure 6 is a plot of 4 versus sin’ 6, The bars
plotted in this figure give the experimental error obtained
after measuring repeatedly the exponential decay for the
two angles 0,=55° and 6,=63°. The origin of such error
bars is not the decay measurements, since Fig. 5 shows an
accurate exponential dependence on x, but the finite size of
the microwave beam. Any small misalignment of the emit-
ter horn generates a change on the measured decay. In fact,
the equations derived in Sec. II do not apply for finite size
beams, which require more detailed calculations.”® Fur-
thermore, a new interesting phenomenon appears when
dealing with bounded beams, i.e., the Goos-Haenchen
shift. This phenomenon can be demonstrated using the
equipment described for our experiments.'*

Figure 6 includes the theoretical curve, Eq. (4), taking
n;=1.26 and a best fitting of the same equation as a func-
tion of n, giving n;=1.23. This result shows that the ap-

0.015 T T

—_n=1.26
---n=1.23

E
[\
< 6.005 i
0.000
0.60 0.65 0.70 0.75 0.80 0.85
.2
sin“@;

Fig. 6. Decay coefficient square k” as a function of the sine square of the
angle on incidence sin’ 8, (@) Experimental points, (—) theoretical
curve with n=1.26, (- -) best fit as a function of n.
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Fig. 7. Measured tunneling effect (o) and theoretical transmission for
n=126 (—).

proximations assumed when we apply Eq. (4) are reason-
ably correct and that the experimental procedure is
satisfactory.

The results obtained for the electromagnetic tunneling
effect, using the experimental arrangement described in
Sec. III B (8,=60°), are given in Fig. 7. Taking into ac-
count the calibration of the receiver, m,=1.51, we worked
out T using the expression

In(T)=m,In(S/Sy), (14)

where S is the meter reading and .S, is its value for d=0.

The experimental points plotted in Fig. 7 have been ob-
tained using Eq. (14) and the theoretical curve, Eq. (7),
has been calculated taking n=1.26. Again, the results are
satisfactory. However, a more accurate analysis could be
carried out to take into account the effects of using finite
microwave beams. '

It should be pointed out that we were particularly inter-
ested in giving a simplified discussion of the experimental
results, provided it is satisfactory. However, we have al-
ready mentioned the possibility of taking into account the
finite size of the microwave beams, which would lead to a
rather more complex theory. We should mention, as well,
that we have neglected the effects of the walls of the
prisms. Although they are relatively thin, their effects
might be not negligible. If any student is interested in cal-
culating the effects of the walls, we suggest using the stan-
dard matrix method for thin film multilayers.'® Developing
such a method might be useful, as well, if our experimental
arrangement has to be used to simulate the one-
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dimensional motion of a particle through a set of potential
barriers of different widths and heights. .

V. CONCLUSIONS

A set of microwave experiments suitable for an educa-
tional laboratory has been described, enabling one to in-
vestigate accurately the characteristics of electromagnetic
evanescent waves and tunneling effects. The use of micro-
waves instead of light reduces the mechanical accuracy
requirements and simplifies the setup. The proposed exper-

-imental arrangements can be used to simulate the one-

dimensional motion of a particle in quantum mechanics.
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